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Abstract 


A  perturbation  calculation  has  been  made  of  the  inelastic  scatter- 
ing of  fast  electrons  by  hydrogen  atoms  for  the  2S  and  2P  cases,  \asing  for 
the  perturbation  only  the  interaction  between  the  incident  electron  and  the 
bound  electron.  The  results  are  then  compared,  to  leading  order  terras  in 
the  energy,  with  calculations  by  the  more  customary  perturbation  scheme. 
The  res\ilts  show  a  difference  in  energy  dependence  between  the  two  pertur- 
bation schemes  for  both  direct  and  exchange  scattering.  The  present  method 
shows  that,  in  addition,  exchange  scattering  is  negligible  compared  to 
direct  scattering,  whereas  the  conventional  perturbation  scheme  indicates 
that  direct  and  exchange  scattering  are  of  the  same  order  of  magnitude. 
Calculations  by  the  present  method  are  considerably  more  difficult  than 
those  by  the  conventional  method.  The  results  show,  however,  that  exchange 
scattering  may  be  neglected  in  the  calculations.  In  addition,  the  calcula- 
tions for  direct  scattering  may  be  simplified  considerably  with  good  results, 
by  replacing  one  of  the  wave  functions  in  the  scattering  integral  by  a  wave 
function  which  neglects  the  effect  of  the  nucleus  (method  of  altered  states). 
The  calculations  by  the  present  method  shotild  not,  therefore,  be  much  more 
laborious  than  those  by  the  conventional  method.  The  present  method  is  pro- 
bably more  accurate  than  the  conventional  perturbation  scheme,  but  experi- 
mental work  will  be  necessary  to  determine  which  method  is  more  valid. 
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!•  Introduction 

The  calculation  of  the  scattering  of  high-speed  electrons  by  hydrogen- 
like atoms  is  usually  done  by  the  Born  approximation  ^  ' ,     In  this  method  the 
standard  practice  has  been  to  take  as  the  perturbation  ti-e  interaction  of  the 
incoming  electron  with  both  the  bound  electron  and  nucleus  *-  K     This  procedure 

will  be  referred  to  as  the  method  of  the  asymmetric  perturbation  since  it  is 

[21 
not  symmetric  in  the  two  electrons.  Borowitz'-  '  has  suggested  that  more  accur- 
ate results  may  be  possible  if  we  take  for  the  perturbation  only  the  interaction 
between  the  two  electrons.  This  procedure  will  be  called  the  method  of  the 
symmetric  perturbation. 

The  symmetric  pertiirbation  method  has  been  vised  to  calculate  the  direct 
and  exchange  scattered  amplitudes  for  the  case  of  elastic  scattering  of  fast 
electrons  by  hydrogen  atoms'-  -■  and  the  results  have  been  compared  with  calcu- 
lations  by  Corinaldesi  and  Trainor'^-'  who  use  the  asymmetric  perturbation. 
The  comparison  indicates  that,  to  the  leading  order  term  in  the  energy,  the 
two  methods  give  the  same  results  for  direct  scattering,  but  give  different 
results  for  exchange  scattering. 

In  order  to  have  a  more  complete  comparison  between  the  two  perturba- 

{2] 

tion  methods  the  calculations  of  Borowitz  ■-  -^  have  been  extended  to  include  the 

case  of  inelastic  scattering  of  fast  electrons  by  hydrogen  atoms.  Because  of 
the  large  amount  of  mathematical  labor  the  calculations  have  been  limited  to 
the  2S  and  2P  states.  The  energy  of  the  incident  electron  has  been  taken  as 
large  compared  to  the  energy  of  the  hydrogen  atom  in  its  ground  state  but  not 
so  large  that  relativistic  effects  need  be  considered.  Because  of  the  high 
energy  of  the  incident  electron  only  leading  order  terms  in  the  energy  have  been 

computed.  The  results  obtained  have  been  compared  with  those  obtained  by 

[31 
Corinaldesi  and  Trainor^^  who  use  the  asymmetric  perturbation. 
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Mathematical  preliminaries  and  the  formulation  of  the  scattering 
integrals  to  be  evaluated  will  be  discussed  in  Section  2.  The  scattered 
amplitude  for  23  direct  scattering  using  the  symmetric  perturbation  will  be 
evaluated  in  Section  3,  and  compared  with  the  results  obtained  with  the  asym- 
metric perturbation.  In  Section  U  we  consider  a  siniplified  method  for  evalu- 
ating the  symmetric  perturbation  integral  of  Section  3  (method  of  altered 
states).  Section  5  considers  in  detail  the  evaluation  of  the  symmetric  per- 
turbation scattering  integral  of  Section  3  for  the  case  of  small  scattering 
angles.  The  calculation  of  23  exchange  scattering  by  the  symmetric  method 
is  taken  up  in  Section  b   and  the  results  compared  with  those  obtained  by  the 
asymmetric  method.  Sections  7  and  8  discuss  2P  scattering,  direct  and  exchange, 
by  the  symmetric  method  and  a  comparison  is  made  with  results  obtained  with  the 
asymmetric  perturbation* 

2«  Mathematical  preliminaries 

The  scattering  amplitude  for  the  ca^e  of  an  electron  incident  upon  a 
hydrogen  atoir  may  be  obtained  from  a  solution  of  the  Schr'ddinger  equation 
for  this  problem,  namely 


(2.1) 


where 


''"••"■•»•*•*-*'}*"■"'■" 


proton; 


r,  and  Tp  are  the  distances  of  the  free  and  bound  electrons  from  the 


^12  "  '''l~^2'  ^^  ^^®  relative  distance  between  the  free  eJectron  and 


the  bound  electron  j 


E  -  total  energy  of  the  system,  the  siira  of  the  energy  of  the  free 
electron  and  the  hydrogen  atom  in  the  groxmd  state. 
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A  system  of  units  has  been  chosen  where  m-1i»  e»  1'--'.  The  unit  of  length 
is  thus  the  first  Bohr  radius,  and  the  unit  of  energy  is  twice  the  ionization 
energy  of  the  hj^irogen  atom.  The  mass  of  the  proton  has  been  taken  as  infinite 
so  that  the  wave  functions  corresponding  to  the  unperturbed  Hamiltonian  may  be 
written  in  closed  form.  Eq»  (2.1)  represents  an  incoming  wave  in  electron  1 
and  has  the  asymptotic  form  of  an  outgoing  spherical  wave  in  particles  1  and 
2  for  r,  or  r„  •*■  oo.  The  direct  and  exchange  scattering  amplitudes  are  then 
obtained  as  the  coefficients  respectively  of  the  asymptotic  foims  of  the  out- 
going spherical  wave  for  r,  ->  oo  or  r„  ->  oo. 

The  scattering  amplitude  Cin  first  order  perturbation  theory  is 
given  by 


(2.2)        ^--k  JTf'%^^1    ^^2 


where 


Y^   is  the  wave  function  for  the  initial  state; 
iJf-  is  the  wave  function  for  the  final  statej 
V  is  the  perturbation; 

dT.   and  d'2^  are  the  volume  elements  corresponding  to  the  spaces  of 
r^  and  r^. 

If  the  asymmetric  perturbation  is  chosen,  i.e.. 


(2.3) 


then  the  initial  and  final  wave  functions  "Y.    and  ^^   are  plane  waves  whereas 
if  the  symmetric  perturbation  is  chosen,  i.e.. 


-  L  - 


(2.U)         V  -  -  -i- 


M 


then  Y^.   and  "$_  are  Coulomb  wave  functions'--'  (products  of  plane  waves  and 
hypergeometric  functions ) • 

We  shall  denote  the  scattering  amplitude  for  2S  scattering  by  unprimed 
letters,  f (direct)  and  g (exchange).  For  2P  scattering  the  corresponding  primed 
letters  f  and  g  will  be  used.  The  subscripts  a  and  s  shall  be  used  to  denote 
that  the  perturbation  is  asymmetric  or  syrmietric.  For  the  case  of  2S  scattering 
the  direct  scattered  amplitude  for  the  asymmetric  perturbation  is  given  by 


/s-   r      i(^  -k  )  •  r,   -  :5-  r„        ^     , 
f  .  .  J^    e   °  "    ^  e  2  2(    .  (J--  -i-)  dr  dr. 
a     ,,  2  ^2   r,   r,^    1   2 


I6n'  ^ 


12    -   2 


The  direct  scattered  amplitude  for  the  symmetric  pertxirbation  is  given  by 
where  k  and  k  are  the  propagation  vectors  of  the  electrons  in  the  initial  and 

O  n  ir    r  o 

final  states,  and 

"l  "  ^/^^o'  ^2   ■  ■'■/^**^n  • 

The  ^F^  are  confluent  hypergeometric  functions'-  J  .  The  magnitude  of  k  is 
obtained,  for  given  k  ,  from  conservation  of  energy: 

(2.7)        ^l-^l'  3 A  . 
o    n 
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The  exchange  scattered  amplitude  for  the  asymmetric  perturbation  is 
(3.8)    ..  -  -  ^  r  /'»•  V-n-?.  ;i^  -3)(3.    i  .  ^, 


The  exchange  scattered  amplitude  for  the  symmetric  perturbation  is  given  by 


(-'  ^3-^  re^'°''^'""*'^e-^^-^)u..,,4,.,(-„,...uVrV^-,) 


l''l(-Vl'i(V2*V^>)''V^2 


For  the  case  of  2P  scattering  there  are  three  2P  states  corresponding  to 
the  values  0,  +  1  of  the  magnetic  quantum  number  m.  Of  these  three  states  only 
the  state  corresponding  to  the  value  m  =  0  need  be  considered  because  the  other 
states  yield  zero  scattered  amplitude.  The  direct  scattered  amplitude  for  the 
asymmetric  perturbation  is  given  by 


(2.1C)  f  •  -  -  JK^ 


r     i(k-k).r  -ir 


The  direct  scattered  amplitude  for  the  symmetric  pertxurbation  is 

The  exchange  scattered  amplitude  for  the  asymmetric  perturbation  is  given  by 
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(2.12)     g*  -  -  -^ 


(     ik  or-ik   .r„     -(-1  +  r^)  ,  , 


The  exchange  scattered  amplitude  for  the  symmetric  perturbation  is 


.. -..^  •  j^  r  ^Vv^v^2  -^T*^2^  ^^  1 

(2.13)  g„  =  -^  e  e         r^  cosO  -— 

^   I6n^  J  ■^^'^12 


3,  Direct  2S  scattering 

We  consicler  now  the  evaluation  of  the  integral  for  f  ,  Eq,  (2. 6). 

The  integration  with  respect  to  df-  may  be  performed  by  first  expanding 

in  a  series  of  Legendre  polynomials'-  •'  ; 

''12 

^^  =  —  ^  (~)  p.  (cosO,  J         r,  >  r^ 


12 
(3.1) 


1  _  1  ^  (li/ 


T-'  ^  H     ^-^^   \  (cos©-_)        r.  <  r„  . 
"^12   "^2  1=^0  ^2   *     ^^  12- 


here 


(3.2)  ^  (cos©^^)"  ^  (cose^)^  (cosG^)  +  ^  {fSTI  5"'(cosO^)^'"(cos©2)oosm(jZi^-02^ 


where  0^„  is  the  polar  angle  between  r,  and  Tp. 

Integration  over  d't  yields  zero  except  for  m  ■  0,  ^  ■  0,  by  virtue  of 
the  orthogonality  of  the  Legendre  polynomials.  The  angular  integration  for  this 
case  yields  Un  and  Eq,  (2.6)  becomes 
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(3.3)^3-^/ 


o  n   1 


^F^(-n^,l,i(k^  V^o-^l)  l^l(-"2'^^^(Vl^  ^.-^l)^^ 


'*  r  »• 


r^)  e  ^  ^r^  dr^  +  rr2(2-r2)e  ^  ^dr^ 


00 


Carrying  out  the  integration  with  respect  to  r_  we  obtain 


(3.n) 


where 


s   27n   1   9n  2 


(3.^)  I,  -  j  e   '1  e"  2  \F^^-n,,l,i( V^-k^.r,j)  iF^(-n2,l,iCVi*k^-l))'i^l 


(3.6)  I^  -   e 


'  '"^  '\i^i(vi'^VrV^ij)i^i(-v^*^^vA*"i)'^'^i 


and  we  have  set  q  »  k  -k  .  The  integrals  I-  and  I  may  be  expressed  as  deriva- 
tives of  a  standard  integral  I  : 


(3.7) 


where 


ll  ■  -  5t  I 


I  -  ii 

2      2 


X  =  3/2 


(3.8)  I  -  j  e''  'l  e   ^  i  ^F^(ia^,l,i(k^r^-k^.^)j  :^h{^-,>lsH^,r^*\*tJj  dr^  , 


h  -  Vk^,  a^  -  1/k^. 
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The  integral  I  has  been  evaluated  by  Nordsieck'-  -^    who  obtained 
(3.9)     I  -   ^i-  e""^    (|)^^    C^)'^^"^  F(l-ia^,ia2,l,x) 


where 


(3.10) 


a  =»  i  (q^+  >?)  B  «  k     •   q  -iXk 

d  n  n 


Y  «  k     •   q  +  iXk  -a  S^kk+lc'k-B, 

o  o  onon' 


and  F  is  the  hypergeometric  function  of  its  argument.     Before  carrying  out 
the  differentiation  of  I,    the  various  parameters  in  Eq.    (3.10)  are  expressed 
in  the  form 


1/2         2-*-*  2x                      ■»-*•           2 

a  -  i  (k     +  k'^  -  2k   •  k  +  X  )             B  -  k   •  k    -  k'^  -  iXk  - 

2on           on  ^onn             n' 

(3.12) 


1(^0  *  ^^^'  -  ^n) 


Y  -  i|(k     +  iX)'  -  k'))  6  -      k     k     +  k^  +  iXk  . 

^ '     ~  -  '  o     n         n  n 


The  quantity  x  in  Eq.  (3.11)  will  generally  be  of  order  of  magnitude  unity 
in  our  calculations.  It  will  be  convenient,  therefore,  to  define  a  new 
variable  y  : 

which  will  generally  be  small  compared  to  unity.  Insertion  of  the  values  of 
Y  and  a  and  of 
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(3.1U) 


(r^6)  -  I  (1^0  *  ^n  *  ^'^^^ 


yields  for  y 


(k  -k  )2+  X^ 

(3.15)      y T— 2—  • 

q  +  X 

Inspection  of  Eq»  (3.15)  shows  y  is  generally  of  order  -s-  except  for  S  close 

to  0,  where  9  is  the  angle  between  k  and  k  .  The  case  0  =  0  will  be  considered 
*  ^  0     n 

separately. 

In  order  to  simplify  the  differentiation  and  be  able  to  make  estimates 
of  order  of  magnitude,  the  hyper geometric  function  F  of  the  variable  x  is  now 
expressed  in  terms  of  hypergeometric  functions  of  the  variable  y  byL J 


r(iv^^^ 

(3.16)  F(l-ia^,ia  ,l,x)  -  -— i-— ^ F  (l-ia^,ia  ,l-ia^+  ia  ,y) 

^   2       niai)r(l-ia2)  1^2-12 

*  — S=r y     ^  F  (ia  1-ia  1+ia^-ia  ,  y). 

r(ia2)r(l-la;L^  2    "1   ^ 

We  shall  be  interested  in  the  approximate  form  of  Eq.    (3.16)  for  large  k  . 
Noting  that  a^  1/k  ,   \~^2^^  *    n(z)a<|-for  small  z,and   P(l+z)  -  z   [^{z)^ 
we  obtain 

a  a 

(3.17)  F--^F^+    (l  +  'T  -i^l^y  -ia^lny)  ?^ 

where  b  =  a^  -  a  ,  Since  the  argument  y  of  F_  and  Fp  is  small  we  may  expand 

r9i 

F,  and  F^  in  the  series^-" 
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ia   (i-icL) 
'•^(l-ia^,ia2,l+ib,y)  -  1  +       ^^^^^  ^     y 


ia2(l+ia2)(l-ia^)(2-ia^)     ^ 


2Cl+ib)(2+ib) 


7     +  ••• 


(3.18) 


F2(ia^,l-la2,l-ib,y)  -  i  +  —^ 


ia^d-ia^) 


ib 


ia^(l+ia^)(l-ia2)(2-ia2)     ^ 
*  2(l-ib)(2-ib) y     *  ••• 


Substituting  Eq.    (3.18)  in  Eq.   (3.17)  and  retaining  only  leading  order  terms 
we  obtain 


2    .    1 


(3.19)     F  =  l-a^a^  y-ia^  In  y-£2*2  ^  -^  ^""1^2  ^     *  2K^2)^     ^^  ^     * 


3F     S  P 
Inspection  of  Eq.  (3.19)  shows  that  the  leading  order  terms  in  -^r-  and  — s-  come 

from  the  term  in  In  y,  so  that  Eq.  (3.19)  may  be  written  in  the  approximate  form 


(3.20) 


F  «  l-ia^  In  y 


We  consider  now  the  evaluation  of  I,   and  I  ,   Eq.    (3.7),   by  differentia- 
tion of  I,   Eq.    (3.9).     Calculation  of  the  derivatives  of  I  shows  that  the  term 
involving  the  derivatives  of  the  coefficient  of  F  are  small  ccwipared  to  those 
involving  the  derivatives  of  F.     We  then  obtain  for  I,    and  I 


h 


31 


X  =  3/2 


cdF 


Uik  (l-cos©)c 


^  -  3/2  X(q2+  X^) 


X  -  3/2 


(3.21) 


2  2 


X  -  3/2 


ax2 


.  liik     (l-cosQ)(q^*3X^)c 
X-3/2  °         X2(q2.x2)2 


X  -  3/2 , 
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-na    ia_    c-  "i^o 

where  c  -  —  e     (-)    Grr)         •     Substituting  Eq.  (3.21)  into  Eq.  (3.U) 
o.  Y       1 


yields  for  the  scattering  amplitude  f  . 


(3.22)        i'„  -  c 


32  V2   ik^d-cosQ)   (q2^  ^^3) 


8i  n  (q^  +  9/U)^ 

For  high  energies 


«  -s.  2n  _    Un 

c  s  — -  "  75 

^    (q^+  9/L.) 


q^S  2k^(l-cos«)  -  (2k  sin  \  9)^ 
o  o    <: 


so  that  f     has  the  limiting  form 
s 


(3.23) 


where  |j.  ■   sin     ^  0. 

The  scattering  amplitude  for  the  asymmetric  perturbation  f  ,  Eq.  (2.5), 
has  been  evaluated  by  Corinaldesi  and  Trainor'^-'  who  found 


(3.2U)        f 


sy?     ^  1  j/L_ 


a  result  decidedly  different  from  Eq.  (3.23).  For  2S  scattering  f  differs 
from  f  in  both  energy  dependence  and  angular  dependence. 

Si 

a.  Method  of  altered  states 

The  sjnnmetric  perturbation  scheme  involves  considerable  mathematical 
difficulties  because  the  integrals  to  be  evaluated  contain  the  product  of  two 
hyp erg eome trie  functions.  It  is  desirable,  therefore,  to  consider  possible 
approximations  which  will  simplify  the  mathematical  work  and  yet  yield  essent- 
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ially  the  same  resvilts  as  the  more  exact  solution.  Schwebsl''-  -■  considers 

a  one-dimensional  scattering  problem  for  which  an  exact  solution  may  be 

obtained  and  shows  that  the  results  obtained  with  the  symmetric  perturbation 

method  are  better  than  those  obtained  with  the  asymmetric  perturbation  scheme. 

He  then  attempts  to  improve  the  asymmetric  method  by  taking  into  account  the 

effect  of  the  center  of  force  (nucleus)  upon  the  initial  wave  function.  This 

is  equivalent,  for  our  case,  to  replacing  the  initial  plane  wave  solution  by 

a  Coulomb  wave  function.  His  results  show  that  the  desired  improvement  is 

obtained  and  that  the  method  of  the  altered  initial  state  gives  results  in 

good  agreement  with  those  obtained  by  the  symmetric  perturbation  method. 

We  shall  consider  the  same  type  of  approximation  as  employed  by 

Schwebel,  but  instead  of  altering  the  initial  wave  function  for  the  asymmetric 

scheme,  we  shall  replace  the  Coulomb  wave  function  for  the  final  state  in  the 

symmetric  method  by  a  plane  wave  fvinction.  That  this  approximation  should  not 

change  the  essential  results  yielded  by  the  more  exact  solution  may  be  seen 

as  follows: 

The  wave  function  i  in  Eq.  (2.1)  is  the  sum  of  the  unperturbed  wave 

function   i   and  the  perturbation  or  scattered  wave  T  .  The  function  i 
0  s  *  o 

satisfies  the  equation 

(ua)  hX  -  0 

where 

(U.2)  H„  -  A  +  A  +  2(E  +  i  +  ^)  . 

O  X  d  1   ^2 

Equation  (2.1)  then  becomes 
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If  we  solve  Eq,  (l4»3),  neglecting  the  perturbation  T  on  the  right-hand  side 

5 


and  using  the  Green's  function  appropriate  to  the  operator'-  -^  H  ,  we  obtain 


the  symmetric  scattering  integrals  of  Section  2.  Our  approximation  consists 
of  writing  £q,  (Li.3)  in  the  form 

I      2  ' 

where  H  =  H  -  —  •  The  operator  H  is  of  the  simple  plane-wave  type  for  co- 

■■■  fill 

ordinate  r,  and  has  a  Green's  function  G  of  the  form*-  -J 

ik  Ir  -r  I 

n  ^  1^1"  ^1 1 

Neglecting  the  term  in  T  on  the  right-hand  side  of  Eq,  (h.U)  and  solving  for 
the  scattering  amplitude  f  in  the  usual  way  yields 

5 


=  J^  r  /''^o-^n)-l  -  I  %,.^.^^  I      .,.,,,  ^t-  ),  A 


_    3 


Since  our  approximation  has  involved  the  neglect  only  of  a  term  containing  the 

perturbation  ?  ,  Eq.  (li.6)  should  be  of  the  same  order  of  accuracy  as  Eq,  (2.6). 
s 

It  should  be  noted  that  Eq,  (h»6)  is  the  same  as  Eq.  (2.6)  except  that  in  (I4.6) 
the  hypergeonetric  function  for  the  final  state  has  been  replaced  by  vmity, 

The  integration  of  Eq,  (i|.6)  with  respect  to  r^  is  done  in  the  same  way 
as  for  Eq,  (2,6)  and  yields 

""^^""^  r  i"*  ?    ^  r 

ih.d)  \'  ]  ^  '^''"^ «  ^  ""^  i^if^i'^^^^Vr^o'^^iV  ^^1 ' 
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The  integrals  J^  and  J  may  be  evaluated  by  expressing  the  function  F  as 

[12] 


a  contour  integral  in  the  complex  plane l-    -*: 


(-4.10)  ^F^(ln^,l,i(V^-k^.r^))    -  ^ij  J(l-  |)"'  v"^  e 


dv^ 


where  the  contour  in  the  v-plane  encloses  the  points  0  and  -!•  We  then  have 

iK*r.  -K  r 


(U.n)        j^  .  -i^  j)  (1+  i)  ^  v-l  dv   e    -^  e  °  1 


dr. 


iK*r.  -K  r, 
(U.12)        ^2-2^  ' 


v^ere 


(U.13)  K  -   q  +  V 


^o-  |*iV  • 


Eqs,  (U«iL)  and  (i4..12)  may  be  integrated  with  respect  to  d  ?'-  by  making  use 

ri3i 

of  the  standard  integral*-  -■ 

r     iK 'r,  -K  r^   dr.  ,  „ 

/,    -,  ,                    T           I               i         o  1  1  Un 

(U.lU)                  J    =           e  e            - —  -    -^ -T 

J  ^1  K^*  K? 


We  then  have 


f     iK»r,     -Kr^  ^2  -8n(: 


2  -8n(K^-3K^) 

•2^3 


aK^  (K^+  K'') 
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Equatlons  (U«ll)  and  (U#12)  become 


(,.15)         J^  -  8n  ^    j   _ia__  (1.  i,"l  v-1  dv 


-^ ^  (i+  l)^  y'^   dv 


2      2ni  T  r^.    ^2^2   '"  v' 


The  quantity  IT  +  IT  is,    from  Eq«    (U»12),   given  by 


(U.17)  K^  +  K^  -  A  +  Bv 

0 


where 


(U.18) 


A  -  q2  +   (3/2)2, 


B  -  2(k2  -  k"  ♦  k"    +  J  ik  )   . 
^  o         o       n       ?       o 


Substitution  of  Eqs.(U.l5),  (U«lt))  and  (U.17)  into  Eq.  (U,7)  yields  for  the 
scattering  amplitude  f 

(U.19)  ^3  -  |>^  (f  ^^o  ^3  *  9JU  "  ^2^o  ^^5  -*^^o  ^t\ 


where 


(1^  i)"^ 


^3  ■  fa  f  -t::;:^  '" 


(-  i)"^ 


-  A-  t I 

^   J     v(A.B- 


(U.20)  T   a, 

3>     2ni   r  77T~5T 


1  "l 


■"^    /     (A+Bv)- 


J^'rrrr     t>     ^ dv 
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The  integrals  J^  through  J--  may  be  evaluated  by  replacing  the  contoijir 
around  the  points  0,  -1  by  a  new  contour  enclosing  the  singularity  of  the 
denominator  (A+Bv) .   This  procedure  is  justified  because  the  integrals  J^ 
through  J/-  are  of  order  —k   or  less  in  the  neighborhood  of  infinity.  We  may 

V 

now  utilize  Cauchy's  integral  theorem 

J      (.z-a) 
to  e^yaluate  our  integrals  and,  noting  that  a  minus  sign  must  be  placed  in 
front  of  the  integrals  in  (U.ZO)  when  using  the  new  contour,  we  obtain 


J  -    "l    (1   K^ 

•^3 "  A(A-B)   ^^ "  r 


^   ^      B^^ 


(h.22) 


1   "l.^V  ^^   .,   B  "1 

B  "l  [21 

The  term  (l  -  -r)   occurring  in  (I4.22)  approaches  unity  for  large  k  '--'  and  will 

therefore  be  approximated  by  unity  in  oxir  work.  An  examination  of  the  integrals 

J^  through  Jx  in  ()4.22)  shows  that  the  principal  terms  in  the  expression  (l4«19) 

for  f  are  contributed  by  J-  and  J^.  Equation  (U»19)  then  yields 
s  J  o 


(U.23)   ^3  =  -f-   (3  AdiBT  -   ,,,_.,2 


Now  we  substitute  into  (U.23)  n^  =»  l/ik   and  the  values  of  A  and  B  given  by 
(ij.l8)j  then^  retaining  only  leading  order  terms,  we  obtain  for  the  limiting 
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form  of  f 


o 

which  is  in  good  agreement  with  (3»23)«  This  result  indicates  the  validity 
of  the  statement  by  Schwebel  that  the  method  of  the  altered  initial  state 
is  applicable  to  physical  problems  other  than  the  one  he  considers'-  -•• 


5.  Small  scattering  angles 

The  calctilation  of  the  scattering  amplitude  for  small  scattering  angle 
©  reqxiires  an  additional  analysis  because  the  orders  of  magnitude  of  the  var- 
iovis  terms  involved  in  the  scattering  amplitude  change.  In  order  to  simplify 

the  analysis  the  calculation  vd.ll  be  made  explicitly  for  9  -  0» 

2 

For  9=0,  the  quantities  q  ,  y  and  x  have  the  values 

(5.1)  q^  -  (V  y ^ 

(k  -  k  )^  +  x^ 

(5.2)  y  -    °      ^„ J  -  1 

(k  -  k  )'^  +  X*^ 
^  o   n 

k  k  (1  -  cos  9) 

(5.3)  X  =  1  -  y  -  2  -2—E . -—   .  0  . 

In  view  of  x  =  0  it  is  now  convenient  to  calculate  tlie  scattering  amplitude 
from  (3.9)  where  the  hypergeoraetric  function  is  expressed  in  terms  of  x«  If 
we  calculate  L.   and  I„  (see  (3.7))  by  differentiating  I  (see  (3.9)),  an  ex- 
amination of  the  orders  of  magnitude  of  the  various  term*  shows   tbftt  the 
principal  contribution  comes  from  the  terras  involving  the  derivatives  of  —  • 
The  function  F  equals  1  for  x  «  0,  and  the  coefficients  other  then  —   are 
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approximately  equal  to  unity.  The  scattering  amplitude  may  therefore  be 
obtained  from  the  approximate  form  of  (3«9),  namely 


(5.i4) 


_  _  2n  _    Ijn 
q  +  X 


The  integrals  L.   and  I     are  then  given  by 
(5.5)  \  ' 


31 

5x 


8nX 
2.    .2.2 


X=3/2  (q^+  X") 


X=3/2 


(5o6) 


X=3/2 


8n(q^-  3X^) 


X=3/2 


Substituting  the  values  of  I,  and  I-  into  equation  (3.1i)  for  the  scattering 


amplitude  f  ,  we  obtain 


(5.7) 


f  = 
s 


9(q  +  X^) 


X=3/2 


8  y?     ^  512  y? 


The  value  of  f  in  (5.7),  with  q  retained,  is  exactly  the  same 
s 

as  that  given  by  (3.2I4)  for  f  •  This  indicates  that  the  direct  scattered 
amplitude  for  small  scattering  angles  may  be  correctly  evaluated  by  the 
use  of  the  asymmetric  perturbation.  It  may  be  noted  mathematically  that 
the  approximate  form  (>.li)  of  the  fundamental  integral  I  is  the  result 
obtained  by  the  use  of  the  asymmetric  perturbation. 

It  is  of  interest  to  see  whether  the  method  of  altered  states  will 
yield  the  correct  result  for  ©  =  0.  An  examination  of  (h.22)  shows  that 
the  principal  contribution  to  f  comes  from  the  term  in  J,  which  does  not 
contain  A  -  B.  Neglecting  all  but  this  term,  we  have  from  (U.19) 
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in  agreement  with  Eq.  (5»7)» 

6a.  Exchstnge  2S  scattering 

The  exchange  scattered  amplitude  g  for  the  symmetric  perturbation 

s 

is  given  by  (2,9) •  In  order  to  evaluate  the  integral  we  first  express 

as  a  Courier  integral 

^12 


l      T    f     exp  ip.(r,-  Tp)! 
(6.1)         J:-  =   1   I   L ^1 2_J_      d  ^  ^ 

12     2-si 


2--.C    7J  'J  P 


This  procedure  separates  the  r..  and  r^   variables,  and  (2.9)  becomes 


Ss 


-^  ~|     I     exp[i(lf^+  p)«rJ   exp[-i(t^+  p).r2lexpJ^-(r^/2+r2)J 

(6.2) 

(2-r^)  ^F^jJ.n^,l,i(k^r^-  ^^.?^)j  ^r^L^-n^,!,^ V2"  ^n  "l^j    ^\  ^\  ' 

Next,  the  hyper geometric  functions  in  (6.2)  are  replaced  by  contour  integrals 
in  the  complex  plane  (see  (U.IO) ) : 

(6.3)^F^^-n^,l,i(V^-l^^.?,))   .  ^  I   |l.|j  iexp[-i(k^r^-!r.?^)v]dv, 

(6.W  ^F^(ln2,l,i(k^r2.  t^  ^^      -    ^  j  ^l  .  ij  'i  exp[.i(k^r2.  t^t^)^^^  . 
Substitution  of  (6.3)  and  (6.U)  into  (6.2)  yields 
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h 


(6.5)  j     expT-Cl  +  i  k^v)rj  expfiltj.  rj(2-r^)d'^ 

expF-d  +  i  k^u)r2|  exp  f-ilf^*  rgl  ^^^2     » 
where 

^  =     (1  +  v)  t^+  p 
(6.6) 

Kg  =     (1  +  u)  r^+  p 

The  integrals  over  u  and  v  are  also  separable  and  (6.5)  may  be  written 
in  the  form 


where 


(6.8) 


(6.9) 


I 
^2 


32n«   j 

.^^     2^1   (^^1)""    ?    ^r, 
K    ((l.i)''    ^ 

.  =     I     exp[l(|  +  ik^v)r^  exp[xlf^.?J  (2-r^)  d^  , 
I     exppCl  +  ik^u)r^  exp  -i^2»^2|     '^'^     ' 


I  I 
V  r. 


I 

r. 


The  integrals  I   and  I   may  be  evaluated  by  means  of  the  standard 
^1      ^2 
integral  in  (h.lU).  Using  the  procedure  following  (h.lU)  we  obtain 
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I  =  I6n 


(6.10) 


(1  +  ik  v) 

0 


i\  *  ^v)' 


^(l-v^-^^J      |-v>4' 


8n(l  +  ik^u) 
(1  +  ik^u)^+  k| 


The  denominators  in  (6,10)  may,  with  the  aid  of  (6»6),  be  put  in  the  form 


(6.11) 


where 


(6.12) 


(I  *  -of 


.  KJ  =  A^..^ 


B,v 


(1  +  ik^u)^+  Kg  =  A2+  B^u 


2.  ,2.  .^  .  -^  .  1 


+  k  +  2^  •  p  + 


^  =  P  *  k^ 


B,  =  2(k^+  ^  •  J+  i  k  ), 
1       o   o  *^   2  o 


(6.13) 


A«  = 


B, 


p^+  2^  •  p  +  k^  +  1 
^     n  ^    n 


2(k^  +  t  •  p  +  ik  ) 


2 

n    n 


Substitution  of  (6.I0)  and  (6.11)  into  (6.8)  yields 


(6.1U) 


\\   -  16"  i^*   -o^-  I  b-  2-0^ 


.  2k;  L, 


I  I 


8n 


(^^  -n  ^ 
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where 


h  "  ^ 


^  1   ,.  ."   75^ 


dv 


(A^+  B^v) 


1\^ 


3   '"^  J   U^TljT^ 


1  rf^^i? 


^5  -  OT  t  \.  .  „  .,3   * 


V 

V)- 


The  integrals  in  (6«l5),  except  L.  and  K ,  have  previously  been  evaluated 
(see  (1^.20)  and  (li.22).  Evaluating  L,  and  H.  by  the  method  explained  in 
Section  U,   and  utilizing  (U.22),  we  have 
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I^.     ^    (l.n^- 


\      1 


B, 


h  ■  ^  ('-^"1*-^'  -  ^-^<V  "  x^  ^  =^^ 


(6.16) 


°1    r    V  ^  (n^-  1)L^ 


"^^    ^[\'h 


(VV 


jcj  =     7 

5         2A^(A^-  B^)'' 


^ 


;|\^-2- 


V2 
^F^2) 


2         1 
^^     J^    k^-  Bg 

Equation  (6,lli)   then  yields 


Vr, 


(6.17) 


Un 


U(l+n^)  (2  +  3iXl+  nj)  h(l  -  n^)       2(l+aj^)  (2-n^) 


? 


? 


^  V  ^i>     ^^V  ^1^ 


Vr  -     8« 


(1+nO     ^       (1  -  Hg) 


AJ 


A2(A2-  Bg) 


(lik^-  8+5n3^-  n^) 
W^l^' 
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Substituting  the  results  obtained  for  I  I   and  I  I   into  (6«7)  for  the 
scattering  amplitude,  we  have 

r 

g^=^  hl+n^)Ml*nj)E^'  (2+3n^+  n^)E2+  U(l-aj_)E^-  2(l+n^)  (2-n^)Ej^ 

+  (Uik^-  8  +  5n^-  n^)  E J 

(6.18) 

+(l-n2)  [li(l+n^)E^-  (2+3n^+  n^)E^+  U(l-n^)EQ-  2(l+n^)(2-n^)E^ 


where 


I 


dr 


P  ^^^2 


dr 


o:^ 


P  A^' 


(6.19)       E 


3  I     _2.    .2 


dr 


p'^A^A^(A^-  B^) 


p  ^2^^-  ^1^ 


^5  "     I    ^2.  .2/. — TT? 


dr 


p  A^A2(A^-  B^) 


+  (l4ik^-  8  +  5n^-  n^)  E^^ 


^6=    j    TTI 


dr 


p''AjA2(A2-  Bg) 


/ 


dr 


'q'   \  -^ 


p^A^k^iA^-  Bg) 


p^A^A2(A^-  B^)(A2-  B2) 


E 


■/ 


dr 
E. 


9  '     ^^A^A^-B^)(A2-  B2) 


dr 


10  '  J    _2.  .  .. — TTZ 


p^A^A2(A^-  B^)^(A2-  Bg) 


We  shall  evaluate  (6.18)  for  high  values  of  k  and  will  therefore 
consider  only  leading  order  terms*  Because  of  singularities  occiirring  in 
the  integrals  in  (6.19),  their  ordersof  magnitude  with  respect  to  k  can 
not  be  obtained  from  simple  dimensional  considerations.  Experience  gained 
in  working  with  these  integrals  shows  that  the  leading  order  terms  are  con- 
tibuted  by  the  integrals  E^,  E^,  E,  and  E„.  Equation  (6.18)  may  then  be 
written 
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(6.20)  gg  =  J^  (UE^*  h±k^   E^+  I4  E^-  2E^)   . 

The  integrals  in  (6»?C)  may  be  evaliiated  by  means  of  the  technique 
developed  by  i-eyninan  ^   -' »     In  this  method  a  product  of  terms  is  expressed 
as  an  integral: 

,  r     6(x,+  x„+  ..o  X  -  l)dx>dXo...dx 

(6.21)  ■  ■  ^  .   =  (n-1):     —3 i 2 _L_i S    X.  >0 

Powers  higher  than  the  first  of  a  given  A  term  are  obtained  by  differentiating 
both  sides  of  (6.21)  with  respect  to  that  A  terra.  The  integrals  in  (6.?0)  may 
now  be  written  in  the  form 

f     X-6(x^+  X-+  x-,+  X,  -  l)dx,dx^dx^dx,  dZ 

(6.22)  E     -     21,  ^—^ 2 3 k         ^^     3     k     p     ^ 

j  (P  x^+  A^Xg*  AgX^*  (A^-  B^)x^)^ 

(6.23)  E5  .    120  f     "3\^'V  V  ^3-  \-  ^)^^2'-,y%     ^ 

J  (p  Xj^+  A^X2+  A^x^*  (A^-  B^)x^) 


(6.2U)  E^  =     2li 


''     X26(x^+  Xp*  x-,+  X.  -  l)dx- dXpdx_dX)  d^ 

2 ^ —       * 

(p  x^+  A^X2+  A^x^*  (Ag-  B2)xj^)^ 


/■       2 

/      Xo6(x,+  x_+  x-,+  X,  -  l)dx,dx^dx-dx,  d^ 

(6.25)  E     .    60  -^— i ? 3      li        -1     2     3    h    p     ^ 

y  (p  x^+  A^X2+  A^x^*   (A2-  B^)x^) 

The  method  for  evaluating  integrals  like  the  foregoing  is  given  in 
the  Appendix  of  Ref.    [2].     Inserting  the  values  of  A. ,  B, ,  A_  and  B„  from 
(6.12)  and  (6.13)   into  Eqs.   (6.22)-(6.25)  with  respect  to  dr ,  dx^,  and  dx,  , 
we  obtain 
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(6.26) 


(6.27) 


(6.28) 


(6.29) 


where 


3n' 


105n 


x-dx-dx- 


D 


57^ 


X  dX2dx- 


"^    r  x^d-Xg-  x^) 
7        ^77?- 

/  O 


dx. 


,dx3 


35(v  ir 


3n' 


n 


I5n^ 


I6(k  +  i)' 
n 


{1 

7 


/ 


x^dXpdx^ 


D 


T7^ 


■I 


x_dXpdx_ 


X2dx2dx^ 

n 


X  dxpdx^ 


:w 


^2^^3 

n 


Xgdx^dx- 


TUT 


2  _2     ,22 


0    .    (k^  l)v  (<*  Dxj- k^  x2- t^x^- 2f  .  ^^^xjx 


(6.30)  -  2«^.  t:c2X3-  (k^.  |)2 


"n  ■     [C'o*  C'   *  (V  i)!]-2*   E'^n*  1)  *  (V  ^>!]^3- 


,2  2     ,22 

k  x_-  k  X- 

o  2       n  3 


In  the  foregoing  eqT;iations  the  integrals  containing  C  in  the  denoraina- 
tor  may  be  neglected,  and  in  (6.2?)  the  integral  containing  D  '  in  the  denomi- 
nator may  also  be  neglected. 
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The  evaluation  of  the  integrals  in  Eqs.  (6.26)  -  (6.29)  is  con- 
veniently done  by  changing  to  a  new  set  of  coordinates  u,  v  given  by 

(6.31)  u  •  Xg  +  X-  ,    V  =  x^  -  x_    • 

Then,  noting  that  the  transformation  of  area  requires  a  factor  of  ■^  ,  we 
write  Eqs.  (6,26)  -  (6.29)  in  the  form 

1      n 


.6n^ r      f  (u-  y) 

7W  Jo  J-.  ^^7^ 


(6.32)  E^  =    "",   >^  c       I       I  ^^  Vr/ii     dudv 


1      u 

(6.33)  E,»    — 2-_,       r     r      -i^LTv;        d^^ 


"5 


60t\r  C      f  (u  -  v) 

7W  Jo  J-.  K^^W 

6n^  f      (^  (u  +^ 

V^^  Jo   j-u  (V  ^' 


(6.3U)  E.  -  ^"    »  .       I       I  ^^  %^L»    dudv 

^        (k  .  i)V      Jo    J-u    (CO  -  y2)V^ 


(6.35)  E_  .    — i^4-7      r     r  ^^  %1/g    dudv 


where 


CO       »       -^r 


3j  gk2*  lc2.  2(k^,  1)2.  |)u  -  (k^*  .^.  2£„.  f„)u2-  MV  |)2] 


(6.36) 


%  ■    \  [^("o*  ''n*  2(V  ^''*  i)''  -  "'o*  -^n*  *o-  ?„>'''-  ''<V  "'] 


We  have  neglected  the  uv  terra  occurring  in  the  transforroation  since  it  is  of 

order    -w    with  respect  to  the  other  terras. 
o 
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The  integrations  involved  in  (6,32)  -  (6»35)  are  elementary  but 
soine>rtiat  laborious  if  exact  results  are  required.  Because  we  are  interested 
only  in  the  principal  terms  for  large  k  some  simplifications  may  be  in- 
troduced. The  integrals  have  a  strong  singularity  at  u  «  1  for  large  k 

o 

and,  as  viill  be  seen,  the  principal  contributions  are  from  those  terms  con- 

2 

taining  the  highest  power  of  co  -  u   in  the  denominator.  Carrying  out  the 

integration  idth  respect  to  v  and  retaining  only  these  terms,  we  obtain 

2  r 

(6.37)  E,  -  ^",   .  c         I        2L_-_-,      du 


o 


?' 


r  , "% 

Jo         o^   o  ' 


'3      (TTW      I     777772^372 


(6.38)  E,  =    -^^4tT        r         ^^^^"g^y.      du 

^         (VW       Jo      -oK-  -'>'^' 


(6,39)  E^  -  ^"     ^  p         I i^-TTTT^      du 


1 

(6.1,0)  E     -         ^'"^  2  y  f       hL^ 

7        (k^-  i)V       jo      -n^V  ^  )  '^ 


du      . 


o  n' 


2  2 

The  quantities  o)  -  u  and  co  -  u  differ  from  perfect  sqxiares  by  a 

small  term  of  order  -»  with  respect  to  the  other  terras.  Making  Tise  of  the 

k*^ 
energy  relation  (2,7),°and  Eqs.  (6.36)  for  co  and  a.^,  we  obtain 

(6.)a)  2 

k 
2      1   n  ,     ,2 

a 
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where       p  =  1  +  t^    and  p  =  -'■■*■  F~  •  ^Qu^'tions  (6.37)  -  (6»LiO)  are 

o  n 

now  dejoinposed  into  partial  fractions  and  integrated  term  by  term.  The  lead- 
ing order  terras  are  contributed  by  those  terms  having  the  highest  power  of 

u-p  or  u-p   in  the  denominator  when  evaluated  at  the  upper  limit  u  =  1» 
o        n  ^^ 


We  thus  obtain 

A 

3      n^ 

E^  = 

0^ 

(6.1,2) 

T?          _ 

1    n=l 

3      A 

^ 

l^^J 

Substituting  the  values  for  the  integrals  given  in  (6»]42)  into  Eq,  (6.20)  for 

g  ,  and  noting  that  k  differs  from  k  by  a  term  of  order  ■^  ,  we  finally  obtain 

o 


(6.1,3)  g3  .  ili^  S  i2^   . 

°   16  k^  q"^    6U  k^  ti 
o  ^     ^  o  '^ 

The  exchange  scattering  amplitude  g  for  the  asymmetric  perturbation 
(see  (2.8)),  has  been  evaluated  exactly  by  Corinaldesi  and  Trainor  L-'J ,  The 
approximate  form  of  their  result  for  large  k  ,  expressed  in  our  notation, is 

(6..I4U)  g-  -  -  -^  (8  -  ^  )  . 

2^0      ^ 
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This  result  differs  from  that  for  the  symmetric  case  in  both  the  energy  de- 
pendence (k  )  and  the  angular  dependence  (p.). 

It  is  of  interest  to  note  that  the  part  of  g  corresponding  to  • 

a  r^2 

is  given  by  the  integrals  E,  and  E^  of  Eq,  (6.19),  since  these  integrals 
are  the  only  ones  which  would  occur  if  plane-wave  functions  were  used  for 
the  symmetric  method.  Direct  evaluation  of  these  integrals  shows,  however, 

that  they  ai^e  of  order   /  m  (see  (S.iji;))  and  are  therefore  negligible  com- 

k  u 
o 

pared  to  the  terras  we  have  evaluated.  The  asymmetric  method  apparently  fails 
to  yield  the  correct  principal-order  terra. 

If  the  method  of  altered  states  were  used  for  2S  exchange  scattering, 
the  CoiLLomb  wave  function  for  the  final  state  in  (6.2)  would  be  replaced  by 
a  plane  wave,  and  Eq.  (6.17)  for  I  I   would  then  contain  only  a  terra  of  the 
form  1/A^  but  no  terra  of  the  form    A-(Ap-  Bp)  ~  .  The  method  of  altered 
states  would  therefore  yield  only  some  of  the  leading  order  terms.  Because 
for  exchange  scattering  the  integrals  separate  naturally,  no  essential  simpli- 
fications are  gained;  the  method  does  reduce  the  nutribei'  of  integrals  to  be 
computed,  but  the  results  are  less  accurate.  The  method  of  altered  states 
will  not,  therefore,  be  considered  further  in  exchange  scattering, 

6b.  Sinall  scattering  angles 

Equation  (2.9)  for  the  exchange  scattered  amplitude  g  will  now  be 

3 

evaluated  for  6=0.  An  examination  of  the  orders  of  magnitude  of  the  in- 
tegrals occurring  in  (6.18)  for  ©  =  0  shows  that  now  E^  and  E^  are  of  order 
— »j-  while  integrals  previously  considered  are  of  order  — y  ,  it  would 

K  ^ 

O  o 
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thus  appear  that,  as  in  direct  scattering,  the  plane -wave  terns  become 
dominant  for  small  9.  A  further  examination  of  E,  and  £„  shows,  however, 

that  these  terras  cancel  to  order  — *•  and  that  the  next  leading  order  term 

1 

is  of  order  -t-  .  The  plane  wave    terms  thus  appear  to  play  a  negligible 

role  in  exchange  scattering  for  both  large  and  small  scattering  angles* 

An  examination  of  the  integrals  in  (6.19)  for  0=0  shows  that  the 
four  integrals  previously  considered  are  leading  order  terns  but  that,  in 
addition,  the  integral  E.  becomes  of  cong^arable  order  of  magnitude.  The 
appropriate  form  of  (6.18)  for  ©  =  0  is  thus 

(6.>45)      gg  »  ^     (b  E^-  h  Ej^+  hik^  E^  h   E^-  2  E^)   . 

The  evaluation  of  the  integrals  in  (6.U5)  for  6  =  0  is  carried  out 

in  exactly  the  same  way  as  for  large  9  through  the  transformation  to  u,  v 

2 
coordinates.  We  now  note  that  in  Eqs.  (6»32)  -  (6«35),  since  q  is  of  order 

—K    for  9  =  0,  CO  and  co  are  of  order  k   and  much  greater  than  v  which  is 
,  £         'on  o         ° 

Dounded  by  unity*  The  term  in  v  in  the  denominator  may  therefore  be  neg- 
lected and  after  carrying  through  the  v  integration  we  obtain 


(6.I46)  E,  =    ^^\    ^        \  \   ,,^       du 

y  o 


"' '  liiTF  X  tSf" 


o     d         '  "J   ■  o 


UOn^     f  u^ 


(6.'47)         E,  =    ^^.  .   f     \   „.„   du 


o  if'    '  o    ^  o 

2     r  /.2   3, 


(6.)48)         E^=    ^%   .       f         (^^:  f,l       du 


(Vr'    Jo    K") 
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6  (k  +  i)2        J„      (CO  q^)^/^ 


12n2  j^     __^ 

V^      Jo     (V^ 


3 
(6.50)  E,  =        ''"'"    ^       I      - — \-jy2    ^^ 

2  2 

For  6  =  0,  the  qiiantities  on  q     and  co  q     may,  if  we  neglect  a  small  term,  be 

expressed  as  the  perfect  sqxiaresj 


(6.51) 


2  1    ,,2  /             x2 

co^q     -  -  U  k^  (u  -  p^) 

2  1,2/             x2 

ojq     =  -Uk     Cu-p)       • 

n^  n            ^n 


Carrying  out  the  integration  with  respect  to  u  and  noting  that,  as  prevloxisly, 
the  principal  contribution  comes  from  the  upper  limit  u  =  1,  we  obtain 


(6.52) 

E3. 

3    n\ 

0 

(6.53) 

\' 

10     n^i 
0 

(6.51i) 

Ej. 

5  .= 
^  7    • 

0 

(6.55) 

^6  = 

3    A 
J?  ^  • 

n 

(6.56) 

E,  - 

Substitution  of  the  foregoing  values  into  Eq.  (6,]j5)  for  g  yields 


s 


W  ,/-,  i 


(6.57)         g^  .  «^  )^  ^  . 
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The  result  given  by  Corinaldesi  and  Trainor  for  g  in  the  limiting 
case  ©  ■  0  has  the  form 

o 

Thus  the  result  given  by  the  asymmetric  method  is  negligible  compared  to 

that  given  by  the  symmetric  method  for  small  as  well  as  for  large  scattering 
angles.  This  is  in  contrast  to  direct  scattering,  where  the  asymmetric 
method  is  valid  for  small  scattering  angles. 

7a«  Direct  2P  scattering 

We  consider  now  the  case  of  2P  scattering.  The  direct  scattered 
amplitude  for  the  symmetric  perturbation  is  given  by  (2.11).  Because  of  the 
good  results  obtained  with  the  method  of  altered  states  (Section  it)  for  direct 
2S  scattering,  we  shall  use  this  method  for  the  present  case.  1'he  wave  func- 
tion for  the  final  state  is  therefore  replaced  by  a  plane-wave  function,  and 
(2.11)  becomes 

^"^•"^  ^^^  "  W  j  '     '      ^2  ^^^   «2  4  l^l(-"l'l'i(Vl-  ^o-  ^y  ^^ld^2- 

Next  we  express  — —  as  a  series  of  Legendre  polynomials  (see  Section  3)  and 

^12 
integrate  with  respect  to  d^.  All  terras  vanish  except  for  ra  =  0,  £  =  1} 

noting  that  the  angular  integration  yields  a  factor  of  -i-  ,  we  obtain 
f 


1  =  ^  /  «''*'""  --  «1  :^l(-"l>l>i(  Vl-  ^o-  "l^)  ^\ 

X 


s 

To  e      dr^  +  r,   I  r„  e      dr 


-J   I    r2  e       °^2  "  ^1  I  ^2  ^       ^2 
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Carrying  out  the  integration  vjith  respect  to  r^  yields 

(7.3)         -  J  e^''  '"^e'^''^  ^  ^r^+  |  *  f      i-Jcos  ©^ 

We  now  write  the  hypergeometric  function  ,F,  as  a  contour  integral  in  the  com- 
plex plane  (cf.  (U.IO) )  and  obtain 

where  K  and  K  are  defined  by  (l4»13)« 

The  integration  with  respect  to  dtl  may  be  carried  out  directly,  but 
because  of  the  factor  cos  ©- ,  branch  points  vdll  occur  which  will  lead  to  dif- 
ficulties in  carrying  out  the  v  integration*  The  factor  cos  ©,  is  therefore 
eliminated  by  putting 


iKT^ 
(7«^        cos  e^  e 


» 

k=k 


=  k  +  Vic  -  K    and  obviously  K  «  K     for     k  =  k  .     The  form  K     has  been 
on  *'  o 

chosen  to  avoid  a  factor  of  v  in  the  differentiation.     Equation  (T.U)  now 
takes  the  form 


-35- 


where 
(7.7) 


iK»r, 


1    2ni 


(7.S)   N, 


2    ?^ 


(7.9)   N, 


k=k 


(7.10)  N 


U    ?^ 


^  J  V  V  ~  ^  J       ^      1 


k=k 


As  indicated,  k  id-ll  be  set  equal  to  k  after  differentiation. 

We  now  consider  the  integration  vdth  respect  to  d!K   of  the  integrals 
N  ...  N.  •  We  denote  the  space  integrals  occiirring  in  N^,..  N.  by  the  cor- 
responding primed  letter.  Making  use  of  the  standard  integral  in  (la.lh)  and 
of  the  integral 

(7.11) 


/  -ax   -bx-v  dx    ,  /bx 
(e   -  e   )  -J-  =  In(-)  , 


we  obtain 


r  iK.?,  /-ik^vr^    -K^rA  dt 
N^  =  I  e       \^  -  e    j  p- 


(7.12) 


=  2ti 


P   ,P     K      (K„-  iK  ) 

°        iK 

o 


In  — 2l p.  -  lnf(ik  v)^  k'^)  +  -4 

(K  +  iK  )     ^   °       /   iK 


Ik  V   /ik  v-iK 
o 


ak  v+iK 
o 


,    f  iK  « r^   -K  r- 
(7.13)  N •  =    e    1  e  °  ^ 


Or,  /  K  -  iK 

2ti  t  I  o 

T  In  r  /  » 

iK     \K.+  iK 
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(7.1li) 


(7.1^ 


^        J  ^1     K  +  K 

■^  o 

,    (2^*%  -K  r^  8nK 

„*    I       1     o  1  ,^         o 


Before  carrying  out  the  differentiation  vdth  respect  to  k,  several 
simplifications  may  be  introduced  by  expressing  the  logarithmic  forms  in 
N,  and  N2  as  definite  integrals.  Using  the  integrals 


(7ol6) 


f    dx         1   ,  /x  -  ia\ 

roo 
xdx      C      xdx      1  T  ,2   2x   1  T  /  2   2^ 
-2 2  ~  I   "^ ?  ^  2  ^  +  a  )  -  ^  ln(x  +  b  ) 
X  +  b    Jx  X  +  a 


we  write 

1     1 

N,  and  N-  as 

(7.17) 

1 

K^dX 

(7.18) 

\' 

(^ 

Un 

d\ 

>'3/2  V  '^ 

where  K."  X  +  ik  v  and  X  denotes  the  variable  of  integration.  Equation  (7.17) 

may  be  further  simplified  to 

3/2  SO 

(7.19)      \  =    Ijn 


f  XdX         +     3     r  dX 

Jo   <-k'2    ^J3/2  ^n^ 


A  further  cancellation  occurs  when  N^  and  Np  are  combined,  Plence  ve  intro- 

I 

duce  this  combination  N  : 
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(7.20) 


t             1 

J/2 

f            XdX 

Jo       ''?''' 

We  now  calculate  the  derivatives  vdth  respect  to  k  of  n'^  n'  and  N,' 


and  let  k  »  k    ai'ter  differentiation.     Noting  that 


(7.21)  4  (k'^) 


^ 


,    ,      =     2(k  -  k  cos  e  +  k  v) 
k=k  on  o 

o 


we  obtain 


J/2 
(7.^2)  1^  (n')     =     -  8K(k^.  k^cos  e  .  k^v)  --2^ 


-,        ,  (k  -  k  cos  ©  +  k  v) 

(7.23)  IjCn!)     =    -8n        °     g%^      ^- 

o 

-,         ,  K  (k  -  k  cos  e  +  k  v) 


The  integration  vdth  respect  to  v  may  now  be  carried  out.     The  de- 
nominator Yr+  K     has  the  form  A  +  Bv,  where  A  and  B  have  been  previously 
defined  (Eq.   (h.l8))j  kS  K     is  of  the  form  A^+  B.v,  where  A^  and  B.   are  the 
same  as  A  and  B  except  that  X  replaces  3/2.     Defining  for  obvious  reasons 
the  combination  N: 
(7.2?)  N     =    N^  -     I    N2     , 

we  obtain  instead  of   (7.7)  -  (7.10) 
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3/2 

(7.26)  N     =     .  Bnk^     I     Xd?.     ^     I     ^l  .  ±/      ±    TT^"—^    ^^  ' 


(7.27) 

N3  = 

-  8nk 
o 

(7.?e) 

\- 

-32nk 

0 

where 

(7.29) 

6       = 

jo  ^    J     V        -y       "     (A,.  B,, 

°  ^    J     V        V       '     (A  »  B 


v) 


1  ( fl .  1^""  1  Jill)    ,, 


6     =     T —     (k  -  k     COS  G)      . 
K  on 

o 

Referring  to  (h»2C)  and  (6.l5),  we  may  vrrite  the  foregoing  equations  as 

^/2 
(7.3C)     N  =  -  6nk^  I    ^>^   ej'(X)  +  J2(X) 


(7.31)  N^  =  -  8nk^  (eJ^  +  J^) 

(7.32)  Nj^  =  -32nk^  [I  ejj^  +  (|  .  ik^s)  J^.  ik^  J^]   , 
where  J-  ...  J.  are  defined  by  (l4.2C)  and  where 

The  notation  J(X)  indicates  that  A  and  B  occurring  in  J  are  replaced  by  A. 
and  B. . 

The  J  integrals  are  given  by  (14.22)  and  the  L.  integral  of  (6.15). 
We  then  obtain 
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(7.3ii)       N     -     -  8nk 


•I 


3/2      n 


(7.35)       N^  =     -  8nk^ 


XdX 


1+: 


"l 


"l 


< 


\^\-  \> 


6      + 


w  \^ 


\ 


A(A-B)i 


e     + 


A(A-B) 


(7.36)       Nj^  =    -32nk^ 


1  = 


(2+3n^+  nj)  n^(n^+  l)  ^\(V  D 


2A- 


A'^(A-B)  2A(A-B)     __ 


+(|  +  ik^e) 


n^(n^+  1)  "i^""!"  -^^ 


7 


_2A  (A-B)  2A(A-B)    J  2A(A-B) 


ik^n^(r^-  1) 


A  consideration  of  the  orders  of  magnitude  of  the  various  terras  in  the  fore- 

2 

Koinp  eouations  shovrs  tliat,   since  A  is  of  order  k    and  A- B  is  of  order  k  , 

°   "   '  '  0  o' 

the  leading  terms  are  fiimished  only  by  terns  of  the  form  -m — ?rr  or 


Retaining  only  principal  order  terms,  Eqs.  (7o3l:)  -  (7.36)  become 

?/2 


^^^=^  "^  I^i:^- 


(7.37) 


(7.3B) 


(7.39) 


N     .     -  8nk^n^(l  -  e)      |  a^(^^ 


N- 


Bnk^n^d  -  c) 
A(A-B) 


N,    =         I6n 


k^(ik^n^)(l  -  6) 
A(A-B)^ 


Equation  (7»37)   in^  be  integrated  with  respect  to  X  most  simply  by  noting 

3 

that  the  limit  i  is  small  compared  to  k  and  that 

A^  -   q  +  X  S  q 


\    '\ 


k^-  k^+  X^-  2iXk  ^  -  2iXk 
no        o        o 


-  UO  - 
N  =  -  8iik^n^(l-e)   [    -5-  '^^^ 


|o    q  (-2ik  X) 
(7.1tC)  ° 


6n(ik^n^)(l-e) 


^ 


Substituting  the  values  of  A  and  A-B  into  Eqs,  (7.38)  and  (7.39),  and  noting 
that  n^=  l/ik  ,  we  finally  obtain 

6n(l-  s) 


(7.I4I)        N 


^ 


(7.1:2)       N3  =  -  I  ^1%:^ 


z-?  1  :>\        M  _    16  n(l-  e) 
(7.1;3)        \  •=  -  "5 5-- 


Insertion  of  these  values  into  Eq.  (7.6)  for  the  scattering  amplitude  yields 

(7.10*)       f'  -  77  -^  (1-e)  . 

^     '  q  k 
c 

Since  . 

1-e  =  T—  cos  ©  =  cos  © 
o 

q^  =  2k^  (1-cos  e)   =  hk^ti  , 
o  o  ' 

(7.1:14)  may  be  vn?itten  as 

^    27k^  (1-cos  ©)     271r 


(7.1,c;)        /  .  8>^,i    °o^Q    »  i^y^.i  fhr^") 


The  scattered  amplitude  f  (cf.  (2.10))  has  been  worked  out  exactly  by 
Corinaldesi  and  Trainor"^"^;  their  result  is 


.  la  - 

Equation  (7»i)6)  differs  considerably  from  our  results}  the  energy  variation  is 

of  order  -»  whereas  our  result  gives  — y  •  In  addition,  the  angular  variation 

o  o 

for  the  asymmetric  perturbation  is  opposite  to  that  given  by  the  symmetric  per- 
turbation. 


?b»  Snail  spattering  angles 


I 


The  scattering  amplitude  f  for  ©  =  0  can  be  evaluated  very  simply  by 

s 

a  consideration  of  the  orders  of  magnitude  in  Eqs«  (7»3ii)  -  (7»36)»  For  0  =  0, 
the  principal  contribution  comes  from  those  terras  which  contain  only  A  terms 
and  not  A-B  terms  in  the  denominator,  Eqxiations  (7.3li)  -  (7.36)  sire  then 

XdX 


(7.1'.7) 

N  - 

-  8nk  e 
0 

(7.^8) 

N3. 

8nk  6 
0 

A^ 

(7.i;9) 

\- 

hSnk  e 

Integrating  Eq, 

il.Ul)   we 

obtain 

N  » 

-  8nk  e 

}/2 


(7.50) 


XdX 

(q  -^  X  ) 


9nk  c 
o 


^?r^ 
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Substitution  of  Bqs.  (7oij8),  (7.149)  aid  (7.5o)  into  Eq»  (7.6)  for  the  scatter- 
ing amplitude  yields 


,     i2y2"ik^6 

q  (q  +  r) 

(7.51)  ^ 


12  Vri(k  -  k  cos  ©)  ,^,, 

'  on  ,jv/    1536 


q  V^P  -  -7^  ^^o  • 

Equation  (7.5l)  is  in  exact  agreement  with  Eq,  (7.i|6)  for  the  asymmetric 
perturbation  and  indicates  that,  for  2P  direct  scattering  as  well  as  for  2S 
direct  scattering,  the  plane  wave  terms  are  dominant  for  small  scattering  angles. 
The  indications  are  therefore  that  valid  results  may  be  obtained  at  small  scat- 
tering angles  by  the  asymmetric  method  for  all  inelastic  direct  scattering. 

8a,  Exchange  2P  scattering 

The  exchange  scattered  amplitude  for  the  2P  case  using  the  symmetric 
pertxirbation  is  given  by  Eq.  (2.13).  The  procedure  for  evaluating  the  integral 

is  very  similar  to  that  used  in  2S  exchange  scattering.  We  first  express  

as  a  Fo\irier  integral  and  (2«13)  becomes 
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The  hypergeometric  functions  in  (8,1)  are  now  expressed  as  contour  integrals 
(Eqs.  (6.3)  and  (6.1j)),  and  (8.1)  becomes 
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where  K,   and  K„  are  defined  by  (6»6).     Because  of  the  separation  of  the  integrals 
over  u  and  v  and  the  integrals  over  d^  and  d?!,  Eq.   (8.2)  may  be  written  as 
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The  integral  I       has  been  previously  evaluated  (see  (6.10).     To  evaluate 

I      we  first  remove  the  cos  0,   factor  by  the  method  explained  in  Section  7 

(see  (7.$)).     The  integral  I       then  becomes 
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where  IL=  K  +  /K  +  p  and  obviously  IL=  K,  for  k  »  k  .  The  integral  in  (8,6) 
is  now  in  standard  form  (see  (U,lU)),  and  we  obtain 
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Carrying  out  the  differentiation  with  respect  to  k  and  noting  that 
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we  have  from  (8.7) 
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For  convenience  we  write  down  the  integral  for  I  : 
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The  foregoing  equations  for  I   and  I   have  a  form  similar  to  that 
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of  (6.10),  and  when  substituted  in  (8.ii)  yield 
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where  the  L  and  M  integrals  are  defined  in  (6.15).  If  their  values,  given  by 
(6.16),  are  put  into  (8.10)  we  obtain,  after  some  algebra  and  rearrangement  of 
terras. 
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Substitution  of  the  results  obtained  for  I  I   and  II   in  Eq,  (8.3)  for 
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the  scattering  amplitude  yields 
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An  examination  of  the  integrals  in  (8.13)  shows  that  the  leading 
order  terms  in  (8.12)  are  contributed  by  the  integrals  F,  and  F„.  Thus 
for  large  k  ,  (8.l2)  is  approximately 
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The  integral  F,  is  the  same  as  the  integral  E^  which  has  been  evaluated 
(cf.  (6.12)).  We  therefore  have 
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To  evaluate  F_  we  first  eliminate  the  factor  F  •  p  from  the  ntunerator 
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by  putting 
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The  integral  F„  then  becomes 

k 
(8.17)   F„  «  - 


0   3 


.  TT-^ 

c  J  p^A^A2(A2-  Bg) 


Using  the  Feynman  technique,  we  obtain 
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Integrating  with  respect  to  dx^   and  dT   we  obtain 
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Differentiation  with  respect  to  k  and  integration  with  respect  to  Xi  yields 
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where  C  and  D  are  defined  by  (6.30).  In  (8.19)  the  integral  containing  C 
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in  the  denominator  is  negligible  compared  to  the  other  integral. 
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We  now  transform  to  u,  v  coordinates  (see  (6.31))  and  obtain,  noting 
that  odd  powers  of  v  disappear  upon  integration. 
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the  higiest  power  of  oo  -  u     in  the  denominator,  we  have 
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Expressing  co  -  u  as  a  perfect  square,  integrating  with  respect  to  u,  and 

retaining  only  leading  order  terms,  we  obtain 
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Now  we  substitute  the  values  of  F^  and  F  into  Eq,  (S.li^)  for  the  scatter- 
ing amplitude.  Then 
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The  exchange  scattering  amplitude  for  the  asymmetric  perturbation  (2.12)  has 
been  evaluated  by  Corinaldesi  and  Trainor  L-^J ,  The  approximate  form  of  their 
res\ilts,  for  large  k  ,  is 
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This  result  differs  from  that  for  the  symmetric  case  in  both  energy 
dependence  and  angle  dependence. 
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8b.  Small  scattering  angles 

An  examination  of  (8.12)  for  ©  =  0  shows  that  F,  and  F_  remain 
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leading  order  terms  but  that,  in  addition,  the  integrals  F, ,  F-  and  F. 
become  of  comparable  order  of  magnitude.  The  appropriate  form  of  (8.12) 
for  ©  =  0  is  then 
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The  integrals  F.  and  F,  are  the  same  as  E,  ajid  E^  which  have  been  e-valuated 
for  6=0  (see  (6«53)  and  (6o5U))j  they  are 
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The  integral  F„  may  be  evaluated  for  e  »  0  by  use  of  (8.20).  Neglect- 
ing the  V  term  in  the  denominator  and  noting  that  for  6  «  0,  k  •  F  may  be 
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approximated  by  k  -  w  ,  we  have 
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Here  the  second  integral  on  the  right-hand  side  is  negligible  compared  with 
the  first  integral.     Integrating  with  respect  to  v  we  obtain 
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where  co  q  is  given  by  (6«5l)»  Integrating  with  respect  to  u  and  retaining 


only  leading  order  terms  yields 
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To  evaluate  F,  we  first  eliminate  the  factor  k  •  p  by  means  of 
1  o  ■^  '' 

(8,l6)  and  write 
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Integrating  with  respect  to  x^  and  d?"  we  obtain 
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Differentiation  with  respect  to  k  yields 
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Changing  to  u,  v  variables  and  noting  that  odd  powers  of  v  disappear  upon 
integration  with  respect  to  v,  we  obtain 
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where 
(8.35) 
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For  6=0  the  v     term  in  the  denominator  may  be  neglected,  and  k  •   k 
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may  be  replaced  by  k  -  wj  then  (8.3U)  becomes 
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Integration  with  respect  to  v  yields 

1 


(8.37)  F^  =  280n^k^ 


f     (u^-  u^)  ^   .  ,  o  2 
^ — A  AiA  du  +  l42n 

(coq2)^/2 


u 


^;777^ 


du 


Because  of  a  cancellation  occurring  in  the  leading  order  term  of  the  first 
integral  on  the  right-hand  side  of  (8.37^,  the  second  integrcil  may  not  be 
neglected.  Carrying  out  the  integration  and  retaining  leading  order  terras 
we  obtain 
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To  obtain  the  integral  Fp  we  first  write  Fp  in  terms  of  x  coordinates! 
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Integration  \d.th  respect  to  x.  and  dt"  yields 
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Changing  to  u,   v  variables  we  obtain 
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Neglecting  the  v     term  in  the  denominator  and  integrating  vdth  respect  to 

V,  we  have 
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Integrating  vdth  respect  to  u  and  retaining  leading  order  terms  gives  finally 
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Substitution  of  the  values  obtained  for  the  integrals  F, ,  F^,  F, ,  F,,  and 

F_  in  (80 25)  for  the  scattering  amplitude  yields 
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Here  the  second  term  on  the  right-hand  side  is  small  compared  to  the  first 
term  and  the  equation  therefore  may  be  approximated  by 


(8.U5)        .:  -  |5  ^  . 


h 


The  result  given  by  Corinaldesi  and  Trainor  for  g  evaluated  for 
the  limiting  case  0=0  has  the  form 
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Equations  (8«li5)  and  (6«b6)  show  that  the  scattered  amplitudes  obtained  by 
the  two  perturbation  schemes  agree  with  regard  to  energy  dependence  for 
e  =  0  in  2P  exchange  scattering.  This  is  in  contrast  to  the  result  for 
©  =  0  in  2S  exchange  scattering  where  the  terms  furnished  by  the  asymmetric 
scheme  are  negligible  compared  to  those  obtained  with  the  symmetric  raethod« 

For  convenience  and  reference  the  results  obtained  in  the  present 
investigation  are  summarized  in  Table  I» 
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9»     Discussion 

The  results  obtained  in  thds  investigation  indicate  substantial 
differences between  the  two  perturbation  schemes  for  the  case  of  inelastic 
scattering.  Whereas  for  elastic  scattering  the  results  differ  only  for 
exchange  scattering,  for  the  inelastic  case  differences  occvir  both  for 
direct  and  exchange  scattering. 

One  of  the  important  results  obtained  with  the  symmetric  pertiirba- 
tion  method  is  that  the  exchange  scattering  is  snail  compared  to  direct 
scattering,  for  inelastic  as  well  as  elastic  processes.  The  asymmetric 
method  yields  direct  and  exchange  scattering  amplitudes  of  the  same  order 
of  magnitude  for  inelastic  scattering.  The  results  of  the  present  method 
appear  more  plausible  since  we  woxild  expect  the  effect  of  exchange  to  be- 
come less  important  as  the  energy  of  the  incident  electron  increases. 

Of  considerable  interest  are  the  results  for  direct  scattering  at 
small  scattering  angles.   The  calculations  by  the  synunetric  method  for  this 
case  agree  with  those  by  the  asymmetric  method.  Since  the  total  scattered 
cross-section  for  high-speed  electrons  depends  principally  upon  small-angle 
scattering,  total  cross-sections  obtained  from  asymmetric  pertiorbation  calcu- 
lations may  be  s\ibstantially  correct. 

The  difference  in  results  obtained  by  the  two  different  perturbation 
schemes  may  perhaps  be  understood  more  clearly  if  the  Coulomb  wave  functions 
occurring  in  the  symmetric  method  are  expressed  in  their  asymptotic  form,  as 
the  sum  of  a  plane  wave  and  a  spherical  wave  I-  J  •  The  product  of  the  two 
Coulomb  wave  functions  occurring  in  the  symmetric  perturbation  integral  then 
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consists  of  three  types  of  terms:  (l)  a  plane-plane  wave  term,  (2)  a  plane- 
spherical  wa-'.'e  term  and  (3)  a  spherical-spherical  wave  temu  In  the  asym- 
metric perturbation  integral  only  term  (l)  occurs;  terms  (2)  and  (3)  re- 
present the  effect  of  the  spherical  wave  portion  of  the  Coulomb  wave 
function.  An  order  of  magnitude  calculation  indicates  that  term  (3)  is 
always  negligible  compared  to  term  (2).  For  inelastic  scattering  term  (2) 
Is  generally  dominant  over  term  (l),  and  the  asymmetric  method  is  in  error, 
therefore,  by  omission  of  term  (2),  For  direct  elastic  scattering,  however, 
term  (1)  is  dominant  over  term  (2)  so  that  for  this  case  the  asymmetric 
method  yields  accurate  results. 

The  calculations  with  the  symmetric  perturbation  are  considerably  more 
difficult  than  those  with  the  asymmetric  perturbation,  particularly  In  the 
case  of  exchange  scattering.  The  present  investigation  indicates,  however, 
that  exchange  scattering  may  be  negligible  compared  to  direct  scattering. 
In  addition,  the  calculations  for  direct  scattering  may  be  considerably 
simplified  without  loss  of  essential  accuracy,  by  the  method  of  altered 
states.  Calculations  using  the  method  of  the  sjmunetric  pertxirbation  should 
not,  therefore,  be  forbiddingly  greater  than  those  using  the  method  of  the 
asymmetric  perturbation. 

r2i 

As  indicated  by  Borowitz  *-  J  an  experiment  which  would  measure  the 
elastic  scattering  cross  section  would  not  determine  which  pert\irbation 
scheme  is  the  more  accurate.  For  Inelastic  scattering,  however,  the  sub- 
stantial differences  obtalre  d  for  direct  scattering  indicate  that  a  scat- 
tering experiment  measuring  the  differential  cross  section  for  this  process 
may  enable  us  to  determine  which  perturbation  scheme  is  valid. 


-  56  - 


[i]  Mott,  N.F.  and  Massey,  H.S.W,  -  The  theory  of  atomic  collisions j  Oxford 

University  Press,  2nd  Edition,  Chapter  VIII,  Section  2^ 
19h9. 

[2]  Borowitz,  S.    -  Perturbation  calctilation  of  the  elastic  scattering  of 

electrons  by  hydrogen  atomsj  Phys.  Rev.,  96,  1523  {19%) < 

[p]  Corinaldesi,  E,  and  Trainor,  L»  -  Evaluation  of  integrals  in  the  theory 

of  atomic  scattering  of  electrons;  H  Nuovo  Cimento,  9, 
9hO   (1952). 

[ij]  Schiff,  LoJ#    -  Quantum  Mechanics j  McGraw-Hill  Book  Co.,  1st  Edition, 

Chapter  V,  Section  20,  19ii9. 

[5]  Mott,  N.F.  and  Massey,  H.S.W.  -  Reference  [l].  Chapter  III, 

[6]  Schiff,  L.J.    -  Reference  [U],  p.  173« 

[7]  Nordsieck,  A.   -  Reduction  of  an  integral  in  the  theory  of  Bremsstrahlingj 

Phys.  Rev.,  93,  785  (195U). 

[oj  Whittaker,  E.J,  and  Watson,  G.N.  -  A  course  of  modem  analysis  j  Cambridge 

University  Press,  hth  Edition,  pp.  290-291^  19b2. 

[9]  -  Reference  [8j,  p.  281. 

[10]  Schwebel,  S.L.  -  An  evaluation  of  approximation  methods  for  three-body 

scattering  problems;  New  York  University,  Institute  cf 
Jfetheraatical  Sciences,  Division  of  Electromagnetic 
Research,  Research  Report  No.  CX-15. 

[llj  Borowitz,  S.  and  Friedman,  B,  -  Variational  principles  for  three-body 

scattering  problems;  Phys.  Rev.,  8£,  l^]^l   (1953), 


-  57  - 


[12^     Sommerfeld,  A,     -     Wellenmechanikj  P'rederich  Ungar  Publishing  Co.,  N.Y,, 

p.  I46I,  1939. 

[13]  -    Reference    [12J,  p.  503. 

[ilj]     Schwebel,   S.         -     Reference    [lo],  pp.   99-10li. 

[15]     Feynnan,  R.Po       -     Space-time  approach  to  quantum  electrodynamics;  Phys. 

Rev.,  76,  769  (1919). 


Date  Due 


NYU 
GX- 
22 


Boit>witz 

A  perturbation  calculation  oj 
the  inelastic  scattering  of 
electrons  . '">y  hydrogen  atoms. 


